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Abstract In this paper, we propose a distributed Kalman filter (DKF) for the dynamical system with
general random coefficients. In the proposed method, each estimator shares local innovation pairs with its
neighbors to collectively complete the estimation task. Further, we introduce a collective random observ-
ability condition by which the L,-stability of the covariance matrix and the Lp-exponential stability of the
homogeneous part of the estimation error equation can be established. In contrast, the stringent conditions
on the coefficient matrices, such as independency and stationarity are not required. Besides, the stability of
the DKF, i.e., the boundedness of the filtering errors, can be established. Finally, from the simulation result,
we demonstrate the cooperative effect of the sensors.
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1 Introduction

The state estimation plays an important role in the areas of signal processing and control engineering [1].
The Kalman filter (KF) is one of the most widely used recursive estimation algorithms. It is well-known
that for the discrete-time linear dynamical systems, the KF is an optimal state estimate in the sense
of the minimum mean square error when the noises have Gaussian distribution [2,3]. The KF and its
variants have many applications in practical systems, such as guidance and navigation of vehicles.

Over the last decade, the sensor networks have an increasing development, meaning that we can acquire
more data. However, using these data to improve the observability brings great challenges both in the
theoretical and practical aspects. The centralized and distributed frameworks are two main approaches
involved in processing the data collected from the sensors. For the centralized method, there is a fusion
center, which can receive and merge the data from all the sensors at each time instant, such as mea-
surements, observation matrices, and state estimates [4,5]. Although the centralized method can realize
an optimum estimate, it is vulnerable to a connection failure, delay, and packet loss. The centralized
method lacks robustness in addition to bringing amounts of computational overhead and communication
load among the nodes and the processor. Therefore, the approach to estimating the state in a distributed
way arises [6-15], where each sensor only utilizes the local information and the data from its neighbor-
ing sensors to estimate the unknown states. The distributed state estimation has applications in some
practical systems, such as surveillance and tracking systems [16, 17].

The distributed Kalman filter (DKF) is one of the important algorithms to collectively estimate the
states of the dynamical systems. Much effort has been devoted to the investigation of the DKF where
the coefficient matrices of the systems are deterministic. For example, Battistelli and Chisci [12] studied
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the upper boundedness of the error covariance matrix of the DKF for the systems with time-invariant
coefficients. He et al. [18] established the boundedness of the error covariance matrix and the exponentially
asymptotic unbiasedness of the state estimate for time-varying coefficient matrices. Further, Wang and
Ren [19] investigated the convergence of a distributed hybrid information fusion algorithm based on
optimized weights of time-varying topology and coefficient matrices. The stability analysis of continuous
Kalman-consensus filtering algorithm on a mobile sensor network with a flocking-based mobility control
model was studied in [20], where the coefficient matrices of the dynamical system are considered time-
varying. Some results of the special case with intermittent observations are also obtained. Yang et al. [21]
proposed a random sensor activation scheme for a consensus-based distributed estimation algorithm. Also,
a distributed Kalman filtering algorithm of a linear time-invariant discrete-time system using data packet
drops was proposed in [13]. From the current literature, very few results are obtained relating to the
DKF for the dynamical systems with general random coefficients.

In this paper, the stability of the DKF for the linear dynamical systems with general random coefficient
matrices is considered. We note that the main challenge arising in the theoretical investigation of the
DKF lies in analyzing the properties of the product of the random matrices. Most of the existing
studies on the theoretical analysis of the adaptive filtering algorithms require that the signals satisfy
some stringent conditions, such as independency and statistical stationarity [22,23]. This makes it hard
or even impossible to apply these theoretical results to practical feedback control systems. Further,
we introduce a collective random observation condition, which can be regarded as the extension of the
random observation condition proposed in [24] using a distributed case. Hence, some good properties of
the product on random matrices can be obtained with the stability of the DKF established. The main
contributions of this paper are summarized as follows.

e First, the DKF algorithm for the dynamical systems with general random coefficients was proposed,
where each sensor diffuses the local innovation pairs (H,;FJ-R,;%H;M-, HkTZR,;iykl) with its neighbors. We
know that most engineering systems are nonlinear and disturbed by noisé, and the extended Kalman
filter (EKF) is often used to estimate the states of the system. The algorithm and the results in this
paper may give some clues for the effectiveness of the EKF.

e We introduce a collective random observability condition, in which the L,-stability of the covariance
matrix can be established by relying on an auxiliary system. Then, the L,-exponential stability of the
homogeneous part of the estimation error equation can be obtained, which helps to establish the stability
of the DKF further.

e Compared with the current literature, the stability of DKF can be obtained without relying on the
assumptions of the independency and statistical stationarity of the regression signals, which makes it
possible for applications to the stochastic feedback systems. We observe that by the collective random
observability condition, the estimation task can still be fulfilled using the cooperation of multiple sensors
even if any of them cannot do it individually.

The remainder of this paper is organized as follows. We first introduce some preliminaries and propose
the DKF with random coefficients in Section 2. In Section 3, we present the collective random observabil-
ity condition. The main results, including L,-stability of the covariance matrix, Ly-exponential stability
of the estimation error equation, and the stability of DKF are also presented. We illustrate the coopera-
tive effect of the sensors by a simulation example in Section 4. Section 5 presents the conclusion of the

paper.

2 Problem formulation

2.1 Some preliminaries

In this paper, we use A € R™*" to denote an m x n-dimensional real matrix. For a matrix A, || A|| denotes
the Euclidean norm, i.e., |A|| = (Amax(AAT))2, where the notation T denotes the transpose operator
and Apax(+) denotes the largest eigenvalue of the matrix. Correspondingly, we use Amin(+) to denote the

smallest eigenvalue of the matrix. Moreover, E[-], P[-|-] and E[-|-] denote the expectation, the conditional
probability and the conditional expectation operator, respectively. We define [|Al|, = (E[HAHP])% as the
L,-norm of the random matrix A. Let A € R™*" and B € R™*™ be two symmetric matrices, and then
A > B means that A— B is a positive semi-definite matrix. If all elements of a matrix A = {a;;} € R™*"
are nonnegative, then it is a nonnegative matrix, and furthermore if 23;1 a;; = 1 holds for all i = 1,



Gan D, et al. Sci China Inf Sci  July 2021 Vol. 64 172204:3

then it is called a stochastic matrix. The Kronecker product of two matrices A = {a;;} € R™*" and
B € RP*4 is defined as

auB cee alnB
A®B= o : c RmMPXng
am1B - apmnB

In this paper, our purpose is to propose a distributed Kalman filtering algorithm based on the in-
formation from neighboring sensors and investigate the stability of the proposed algorithm. In order to
describe the relationship between sensors, an undirected weighted graph & = (V, £, A) is introduced here,
where ¥V = {1,2,3,...,n} is the set of sensors, £ € V x V is the edge set which is used to describe the
communication between sensors, and A = {a;;} € R"*" is the weighted adjacency matrix. The elements
of the matrix A satisfy a,; > 0 if and only if (¢, j) € £. The set of the neighbors of sensor ¢ is denoted
by N = {j € V|(i,7) € £}, and we assume that agent i also belongs to N, and each sensor can only
exchange information with its neighbors. A path of length £ is a sequence of nodes {iy,...,i,} satisfying
(ij,ij41) € € for all 1 < j < ¢ — 1. The graph ¢ is called connected if for any two sensors ¢ and j, there
is a path connecting them. The diameter D(¥) of the graph ¢ is defined as the maximum length of the
path between any two sensors. For simplicity of analysis, the stability of the distributed algorithm is
considered under the condition that the weighted adjacency matrix A is symmetric and stochastic. Thus,
it is obvious that A is doubly stochastic.

In order to proceed with our discussion, we need to introduce some definitions similar to those used
in [25).

Definition 1. A random matrix sequence { Ay, k > 0} defined on the basic probability space (Q2,.%, P)
is called L-stable (p > 0) if

sup E[|| Ax||?] < oo.
k>0

Definition 2. A sequence of n x n random matrices A = {Ay, k > 0} is called L,-exponentially stable
(p > 0) with parameter A € [0,1), if it belongs to the following set:

k
Sp(A) =< A: H A; <M)\k_j,Vk>j,Vj>0,forsomeM>O

1=j5+1 L,

For convenience of discussion, we introduce the following subclass of S1(A) for a scalar sequence a =

{ag, k = 0}:

k
S°N) ={a:a,€[0,1),E H ai| < MN7I Yk > jVj>0,for some M >0
i=j+1
Remark 1. It is clear that if there exists a constant ag € [0, 1) such that ax < ag, then {ax} € S°(ap).
More properties about the set S°(\) can be found in [26].

Definition 3. Let {Ax} be a matrix sequence and {b;} be a positive scalar sequence. Then by Ay =
O(br) we mean that there exists a constant M > 0 such that

Akl < Mbg, VEk>=0.
2.2 Distributed Kalman filter

In this paper, we consider the following discrete-time linear dynamical system:

(1)

Tiy1 = Frxp + wiq,
Yk,i = HpiTr + Vi,

where x;, is the s-dimensional state vector to be estimated and Fj, € R%%% is the random state evolution
matrix, yr,; € R? and H ki € R%*%s represent the measurement and the random measurement matrices
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for agent i at time instant k respectively, {wy € R®, v; € R% k > 0} is an independent noise process
which satisfies the following conditions:

Elwi] =0, Elwywl]=Q) > Q > 0;
E[vk,i] =0, E['Uk,i'vg,i] =Ry; = a;l >0, E[vkﬂ-wg] =0.
Remark 2. The investigation of the linear system with random coefficients has practical significance.

We know that most engineering systems are nonlinear which can be written as the following general
expression:

Tr1 = f(Tr) + Wi,
yr = g(xk) + v,

where f(-) and g(-) are nonlinear functions, and {wy} and {v;} are two noise sequences. In order to
estimate the state of the above system, the EKF is widely used based on the following linearization:

9g(x)

X P .
Trp1 = f(@r) + f;gf) low=ay, (Th — 1) 4+ Wiyt
yr = 9(Tx) + =5 lew=a, (T — Tk) + v,

where 5, denotes the estimate of the state at time k. It is clear that %(;) lop=2, and 896(

random matrices.

)
|2y =2, are two

We assume that the initial state x( is a random vector with mean &, and covariance matrix P} > 0,
and is independent of the sequence {wy, vy, k > 0}. We first present the standard non-cooperative
KF [27] in Algorithm 1, where &}, ; and & ; denote a prior and a posteriori estimates of @) for node i at
time instant k. 7

Algorithm 1 Standard non-cooperative Kalman filter

For any given sensor i € {1,...,n}, start with an initial estimate & ; € R® and an initial covariance matrix Pj , > 0 € R°*°. The
standard KF is given as follows.
(Measurement update process)

Pri = P+ Hy Ry [ Hy s, (2)
@i = @), + Kii(yei — Hii®y ), (3)
Ky = P Hy (Ho P, Hy + Rii) ' (4)
(State prediction process)
:i:;c+177, = Fkiﬁk,h (5)
P}i+1,i = FkPk,mF;:F + Q- (6)

The matrix inversion formula is used in our analysis, and we list it here.
Lemma 1 ([26]). For any matrices A, B, C and D with suitable dimensions, the following formula

(A+BDC)'=A"'-A"'B(D'+CcA'B)"'CcA™!

holds, provided that the relevant matrices are invertible.

In order to introduce the DKF, a preliminary result on the standard non-cooperative KF given in
Algorithm 1 is presented here.

Lemma 2. Eq. (3) can be rewritten as the following form:
Pk_,ilikai = Pziﬁli‘?f,i + HI;F,iRl;éyk,i' (7)
Proof. By (3) and (4), we have
Tp,; = :%;cz + PI;zng(Hklplnggz + Rk,i)_l(yk,i - Hkﬂ'i:;c,i)
= &), — P/é,iHl;F,i(Hk,z‘Pé,ng,i + Ry i) Hy iy,

5
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/ T / T -1
+Pk,in,i(Hk,iPk,in,i + Rkﬂ) Yk,i

= [Pléz - PI;zng(Hklplnggz + Rk,i)_lHk,iPI;,z]Pl lwk
+Plé,inT,i(Hk7iPI;,iHl;l:i + Rpei) ' Yni

Z

Then by the matrix inversion formula and (2), we have
Eri = (P, + Hy Ry (Hy) P @)
+P in i(Hk,iPk,in,z' + Rpi) 'y
= PP '#,, + P H} ,(H ;P H}';, + Rii) 'yha (8)
Notice that
P];zlpl::ZHk:TZ(HkZP]::ZHkTZ + Ryi)”
= (P;' + Hy R, ;Hy )P, H|| (Hy P Hy, + Ry i)'
= (HI;Fz + Hszngin1PI;szTz)(Hk1PI;zHI;Fz + Rk,i)_
=H; R, ;.
Then by (8) we have
= Py P&, + Poi Py P HY (H P HE + Rey)
= PoiP ' @ + PoiH Ry jyn,
which completes the proof of the lemma.
Inspired by the expressions of (2) and (7), we propose a DKF for the dynamical system (1) with random
coefficients in Algorithm 2. In order to avoid confusion, the notations & ; and aAs;“ represent a prior and

a posteriori estimates of x; for node 7 at time instant £ with the corresponding error covariances Py ;
and P, ; of the DKF.

Algorithm 2 Distributed Kalman filter

For any given sensor i € {1,...,n}, start with an initial estimate &(, ; € R® and an initial covariance matrix Pj; > 0 € R°*®, the
DKF is given as follows.
Step 1. Set the initial value at each time instant k as

&r,i(0) = Hi ;R [ Hiio mii(0) = Hy Ry jyiis ©)
Step 2. Perform the following diffusion process for [ =0,1,2,...,L with L > D(¥),
Eril+1) = > aién (1), mei(l+1)= > aijne;(1); (10)
JENI jent

Step 3. Measurement update process

Pl =P &i(L), Pidr =P la, + (L) (11)

Step 4. State prediction process
B0 = Frdi, (12)
P, = F. Py i F + Q. (13)

Indeed, the DKF (Algorithm 2) proposed in this paper is obtained by employing the structure of
the standard KF, saving that the innovation pairs (HglRlziHM,ngR;iym) are diffused with its
neighbors. Such a diffusion strategy was used to design the distributed algorithm to estimate the state
in [6,7]. One can see that when the diffusion step L is large enough, the performance of DKF in
Algorithm 2 is close to the centralized KF which is optimal in the sense of mean square error [28]. We
remark that how to design the coeflicients of & ;(I) to improve the performance is an important topic in
the investigation of DKF, and some investigations focus on the design of the coefficients for the systems
where F), and Hy; are deterministic (e.g., [29-31]). However, for the systems with random parameters,
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Table 1 Some notations

Notation Definition Dimension
P, diag{Py,1,..., Pe,n} sn X sn
P/ diag{Py ;,..., P{ ,} sn X sn
Fy diag{Fy,..., Fy} sn X sn
Qn diag{Qx, .-, Qu} sn X sn
Xk col{ff:;,l,”.,ifcm} sn X 1
o AR I sn X sn
H, diag{Hp,1,...,Hpn} sn X sn
Ry diag{Ry,1,..., Ri,n} sn X sn
Wy, col{wy, ..., wi} sn X 1
Vi col{vp, 1, Vin} dn x 1

it is hard to obtain an explicit solution of the coefficients of & ;(1) since the objective function in the

optimization problem is often taken as the mean square error, and thus the methods used in [29-31] may

not, be suitable to deal with our case. For simplicity of analysis, we choose the constant coefficients of

&k.i(1) in this paper. The investigation of seeking the optimal filter gain falls into our future research.
From Steps 1-3 in Algorithm 2, we obtain

P} P,illJrZa(L)ij P H (14)

Pl = P+ Z a(L)H,I]-R];;ykJ, (15)

(L)

where a;;” is the i-th row, j-th column entry of AL, Hence by (14), we have

ap = PP lay = | PoaPl' + Py Za(L)HkT,jR,;;HkJ . (16)
J=1

Let o) ; = @, — &} ;. By (1) and (12), we have x},,; = Fj(xx — ®1,;) + Wk+1. Combining this with
(15) and (16), we can obtain the following error equation for the estimate:

~ L -
m;€+1 P = = F, Py ZP]izlmkt FkszZa( )H,;lijké’UkJ + Wp1- (17)

For convenience of analysis, we introduce the following notations (see Table 1). In Table 1, col(,...,-)
denotes a vector stacked by the specified vectors, and diag(-,...,-) denotes a block matrix formed in a

diagonal manner of the corresponding vectors or matrices.
By (17) and the notations in Table 1, we obtain the following matrix form of the estimation error:

X1 = By PP Xy — Fy P/ " HI R 'V, + Wi, (18)
and by (13), it is clear that

PI;—H ZFkPkF];r +Qk- (19)

3 Stability of the distributed Kalman filter

3.1 Some assumptions

In order to proceed with our analysis, we introduce some assumptions concerning the graph, the state
evolution matrix, and the measurement matrix.

Assumption 1. The graph G is connected.
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Define the state transition matrix ®(k, j) as follows:

Assumption 2 (Collective random observability condition). For any e > 0, there exists § > 0 such
that for any k,

Pwmin(G(k + h, k) > 8|91} > 1 —e¢,

where h > 0 is an integer, and %, = o{F}, H;;,j < k,1 <i < n}, G(k+h, k) is the collective observability
matrix, i.e.,

n k+h

Gk+hk)y=> > @ kH H;;®(3k).
i=1 j=k+1

Remark 3. Wang and Guo [24] proved the stability of the random Riccati equation under the following
random observability condition.
For any € > 0, there exists § > 0 such that

k+ho
P{wmin | Y TG R HH; @3, k) | > 6P 1 p>1-¢, (21)
J=k+1

where hg is a positive integer. Assumption 2 is actually an extension of the condition (21) to the
distributed case.

Remark 4. It is clear that Assumption 2 can be satisfied by the cooperation of all sensors, even if none
of them satisfy the observation condition (21), which reveals that the estimation task can still be fulfilled
by the cooperation of multiple sensors even if any of them cannot do it individually.

Assumption 3. For some r > 1, there exist positive constants M;, Ms, M3 and « such that
(i) supE[||Hy:||**"] < My < o0, i € {1,...,n};
k
(i) sup  E[||®(m, /)|?*" "] < My < 00, Vk > 0;

k<j<m<k+h
(iii) supE[||®(k + h, k)[|'°"|%)_1] < M3 < oo,
k>0

where h > 0 is defined in Assumption 2.
Assumption 4. There exist constants N; and Ny such that

sup E[HH]',Z'H8|gkfl] <N1 < 00, iE{l,...,n}, Vkv
k<j<k+h

and

sup  E[|®(m, /)||¥TYG_1] < Ny < 00, Vi,
k<j<m<k+h
where i > 0 is defined in Assumption 2 and « is defined in Assumption 3.

Remark 5. It is easy to see that Assumptions 3 and 4 are automatically satisfied if {Fy, Hy;} is a
bounded sequence which is usually used in [12,32].

To study the stability of the DKF, the assumptions on the initial value gy and the noises wy; and
Vy,; are needed.

Assumption 5. The initial value and the noises satisfy the following conditions:

i <oo, i€{l,...,n}

B[flzol*] < oo, Sl}ipE[||wk+1H2T + [lvkil
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3.2 The main results
We will first establish the stability of the covariance matrix P}.
Theorem 1. Under Assumptions 1-3, the matrix P defined in Table 1 is Lo,-stable.

Proof. By Assumption 1, we have 0 < az(-jL) < 1for L > D(¥) (see [33]). Let As(k) = {Anin(G(k +
h,k)) > 0}, 6 > 0. We use {Fy,, Hy;,k > 0,i=1,...,n} to construct an auxiliary time-varying linear
system:

{0k+1 = F,0; + 0p+1, (22)

y,?,z- = aH} ;0) + €,

where a = min; je(1,... 0} az(-j )is a positive constant. The initial condition 6y has a Gaussian distribution

with mean é{) and covariance matrix P, and {dy,€x:, k > 0} is a sequence of independent Gaussian
random vectors, independent of {Fy, Hy ;,k > 0} with the following properties:

E[6,] =0, E[00;] =Qk, Eleri =0, Eleriep,] = R,
E[rey;] =0, Elerier,;] =0, i+#j.

Let

Yk = COl{yg’l; cee 7y2,n}7
U, = Vacol{Hy,...,Hy,},
Ep = col{eg,..., e}

Hence, Eq. (22) can be rewritten as

0111 = F,01, + 6141,
Y., = V.0, + =

Then, the minimum-variance linear estimate of 8 in (22) can be written as

0,., = F0), + F, PO} (0, P[®] + R,) " (Vi — ©16)),

D = E[Ok] i1,
151; = E[0k05|y/€—1]7
0y, = 0y, — 0,
where Z, = 0{%~, Yo, ..., Y;}. Note that {P,g} can be recursively generated as follows:
n
Pyl =P/ +> aH R, H,;, (23)
j=1
p];Jrl = FkPkFI;T + Qk- (24)

For h > 0 defined in Assumption 2, we introduce another estimate of 6y, denoted by 6;_,, which is
recursively defined by

k+h

. 1 - ‘ )
Oy = =@k +h k)G (k+hk) Y @V, k)WY Ia ) + Bk + b k)O; Lag vy,
“ j=k+1
where the initial values 8}, (m =1,2,...,h — 1) are defined as

05 = 00, (25)
0;L+1 = Fma;r



Gan D, et al. Sci China Inf Sci  July 2021 Vol. 64 172204:9

Similar to the proof of Theorem 1.1 in [24], we can obtain that
E[| B}l < E[l6;n — 651> = 0(1), j=12....
Then we have
sup E[| BY||*"] < co. (26)
k
In the following, we will prove that P ; defined in Algorithm 2 is La,-stable for all i € {1,...,n}.
We use the induction method to prove that for £ > 0, Plg i < P,;,i =1,2,...,n holds. For k = 0, we

can choose the initial Py ; and P} such that P, < P} holds for i = 1,2,...,n. Next, we assume that
P, < P/ holds for any i € {1,...,n}. Then, P, " > P/~. Hence we have

n
P+ Za H!,R.‘H.; > P+ oH R H,;.
j=1
By (14) and (23), we have Pk_ﬂ.1 > Pk_l. Then
F.P. Fl + Q. < FyP.F +Qu
holds, i.e.,
P, < 131;+1- (27)
Hence, Py ; < P/i=1,2,...,n holds for all k > 0 by induction. Thus, by (26), we obtain that P, is
Lo,-stable. This completes the proof of the theorem.
The following inequality is often used in the proof of the main results:
Amax(BA) = Amax(AB) = Anax(A? BA?) < Anax(A) Amax(B), (28)

where A and B € R"*"™ are two nonnegative definite matrices.
Lemma 3. For all k£ > m > 0, we have the following inequality:

2
k—1 k—1

_ 1
F,PP || < 1- - PP
I £:5:P, H( L+ QP Hn) §

Jj=m Jj=m

Proof. Let us consider the following equation for k > m,

zip = FjPP "'z, je[mk—1]

where z,, is taken to be deterministic and ||z,,|| = 1. Then we have
k—1
ZE = H F’ijP;_lzm. (29)
j=m

Taking the following Lyapunov function V; = z]TP]' _1z]-, we have by Lemma 1

Vipr =z Pz =z, P ' PF/ P |F;P,P; "'z
=z P 'PF (F;P;F + Q;)” ' F;P;P 'z
=z PP — (P '+ F'Q;'F;) '[P 2

_ T -3 TA-1 -3
— TP PP — (P 4 FRQE) P

< s (PP — (P 4 BT Q)P ) 2T B2



Gan D, et al. Sci China Inf Sci  July 2021 Vol. 64 172204:10

By (14), it is clear that P;,~' < P,”'. Then by (28) we can obtain
< Amax ([P (P + FTQ 1F) ]P{_l)zfpf_lza

< Awax (1P = (P71 + Q) ' P!
1P~ (P + FL QT E) T E )2 P

= )\max([P)j — (P-_l + FTQ__lﬁ’j)*l]P_—l)zTP{—lzj

<<K1- S P 2
{ L+ Anax(Q BB ES) [ 777

1
< 1-— 1
L+ (1Q5 I Py

where Eq. (19) is used in the last inequality. Hence we have

k—1 1
Vi < 1-— Vin.-
1__,[ ( L+ Qi IIP +1|> "

j=m

<

Combining this with (29), we have

2
Eac /—1 -3 pr3|”
[[ERP| = max =)= max [=p P
j=m
12 s1(2
S sz}% i HF%Q = g, (VR
zZm||=1 Zm||=

k—1 1
< 1- {lIPg]| max V;,}
II( 1+ Q7 P +N> (L Pt

j=m

k—1
1
< 1- (PP, I,
H( 1+1Q W|H0

j=m

which completes the proof.

In the following, we establish the L,-exponential stability of the coefficient matrix {FkPkP,;*I, k>

of (18).

Lemma 4. Under Assumptions 2 and 4, the scalar sequence in Lemma 3 belongs to S°()), i.e.,

1
{1 — ,k)O}GS%M.
1+ [1Qk P4

Proof. By (27) and Lemma 2.4 in [24], we know that the following inequality:
k—1 1
i=m L+ 1Q5 P4 4l
k—1 1
< E[ H <1 ) ‘| < C)\k_”n
i=m L+ (1Q5 I By,

holds for all ¢ € {1,...,n}. By the fact that P}, is a partitioned diagonal matrix, we have

%ii@ e HJ]

0}
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k-1
ElH(l 1/ — )]gcx’f—m,
j=m 1+maxi{HPj+1,z‘H}HQJ‘ l

which completes the proof.

Theorem 2. Under Assumptions 1-4, the matrix sequence {FkPkPli_l,k > 0} is Lo,-exponentially
stable, where r is defined in Assumption 3.

Proof. By Lemma 3 and the fact P2} . < Q,;l < Q7 ', we have

k+1,i
k—1 2r
I[ BPP
j=m Lo,

T

k—1
<FE 1 1 P/ T P/—l T
< 11 — [Pl P,

- A—1
U e P

9 27

k-1
1
<lQI, |E T S T B[l P
Em L+ QP | ’

J J

(k-1
1
<l B |11 (1_f> E[[[27][%7].
j=m 1+ HQ P(JrlH

J J

Therefore, by Theorem 1 and Lemma 4, the matrix sequence {FkPkP,;_l,k > 0} is Lo,-exponentially
stable, which completes the proof.

In the following, we consider the stability of the DKF.
Lemma 5 ([34]). Let & = A® I, with A= {a;;} € R"*" being a doubly stochastic matrix, and

Q = diag{Q1,...,Qn}, Q' =diag{Q},...,Q.},

where Q; € R**% 4 = 1,...,n are nonnegative definite matrices satisfying Q; = 2?21 a;;Q;. Then the
following inequality holds:

Q7 < Q.
Theorem 3. Under Assumptions 1-5, the estimation error X, defined in (18) is bounded, i.e.,

sup || Xkl L, < oo.
k

Proof. Let A1 = Wiy1 — F,Poo/VHI R, ' Vi,. Then by (18), we have

k k+1 k
X1 = H(ij’jP]{il)Xo + Z H (FumP;n_l)Aj.
=0 j=1m=j

By Theorem 2, Assumption 5, and the Holder inequality, we have

k k+1 k
Xkl < | [TEPP| 1Xollzoe + Y || TT EnPuPR || 18] L,
j=0 Lo Jj=1||m=j Loy
k+1
SOMCNF 4+ O AT A1,
j=1
k

=0 +CY N[ Ax—jiilra, (30)

j=0
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By (19) and (28), we have
| By Poo/ ™ HY Ry |2
= Aax(Fu Po/ " H}} R; > H, /" P, F)")
_ 1 ) Lol 1o
= Amax (FkszpkzﬂLHgRlz Hyof PkQszFk )

= nox (P FLFPE P o/ " HI Ry Hy /Py )

N

Nnas (PE FEFPE ) Ao (P /" HI R R R, Hyo/ PPy
< )\Inax(P];))\max (R]:%Hk%LPk%Pk%ﬂLHkTRl:%RI;I)
< A (P Amax (P,f,afLHkTR;ldeLPE) Amax (R, (31)

Notice that A" is still a doubly stochastic matrix. By Lemma 5 and (14), we have

AEHT R, 'Hyo/" < diag Za(L)Hk] P H . Za(L)HkJ A Hp

nj

< dlaug{PkT1 . ,Pk_’rll}
~1
—pP

Combining this with (31), we have
|Fx P " HY R |® < | PLllor(Ry) < dl[ P ai

where d is the dimension of vy ;. -
Hence, by Theorem 1, it is easy to see that supy, | Fy P/ " HE R, "||1,. = O(1). Then by Assumption 5,
we have for all £ > 1,

|Akller = Wy — Foo1 P "HY (R Vi || 1,
<|WillLa, + |1 Fe—1 Poor @ " H) R |0, | Vi-t || 2o,
=0(1).

By (30), we have

k
Xk iallz, = O1) +0(1) Y- N = 0(1).

Jj=0

This completes the proof of the theorem.

4 A simulation example

In this section, we illustrate the cooperative effect of the sensors by Example 1.

Example 1. Consider the one-dimensional case where the network is composed of three sensors. The
dynamics of each sensor obeys (1) with Fj, = 2. The noises {wy,} and {vy ;} are identically independently
distributed (i.i.d.) sequences and satisfy wy, ~ N(0,1), vg1 ~ N(0,0.1), vgo ~ N(0,0.2), vg s ~
N(0,0.3). Suppose that {Hj;} is an i.i.d. sequence and obeys the following distribution:

P(Hp1=0,Hr2=0,H,3=1)=0.1, P(H;1 =0,Hy2=2H3=0)=0.2,
PHg1=0,Hy2=2,Hy3=1)=0.15, P(Hy1=1,Hy2=0Hy3= 0) 0.15,
PHy,=1,H>=0,Hp3=1)=0.1, P(Hyy =1 Hp2=2Hp3=0)=
(Hy1=1,Hp2=2,H3=1)=0.2.

!
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Figure 1 (Color online) MSE of three sensors in Example 1. (a) Non-cooperative KF; (b) DKF.

The adjacency matrix is taken as
2/31/3 0
A=11/31/21/6
0 1/65/6

By Example 1.1 in [24], one can verify that none of the regression signals Hy,; (i = 1,2,3) of
the three individual sensors satisfy the excitation condition (21), but they can cooperate to satisfy
Assumption 2. In order to estimate the unknown state @y, The mean square error (MSE) of the sensors
(averaged over 200 runs) is shown in Figure 1. From this figure, we see that the MSE of each sensor
using the non-cooperative KF is unbounded while the MSE of the sensors using the DKF proposed in
this paper is bounded, which means that the estimation task can be still fulfilled through exchanging the
information between sensors even though any individual sensor cannot.

5 Concluding remarks

In this paper, we proposed a DKF to estimate the state of the dynamical system with random coefficients
by diffusing the local innovation pairs over the network. Further, we introduced the collective random
observability condition. The theoretical analysis of the stability of the proposed DKF was established,
and the boundedness of the state estimation error was presented without the independency and statisti-
cal stationarity assumptions on the measurement signals. However, the collective random observability
condition may still be conservative, and how to relax the excitation condition to guarantee the stability
of the DKF with random dropouts suggests suitable future investigations.
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