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Abstract

The work proposes a distributed Kalman filtering (KF) algorithm to track a time-varying unknown signal process for a
stochastic regression model over network systems in a cooperative way. We provide the stability analysis of the proposed
distributed KF algorithm without independent and stationary signal assumptions, which implies that the theoretical results
are able to be applied to stochastic feedback systems. Note that the main difficulty of stability analysis lies in analyzing the
properties of the product of non-independent and non-stationary random matrices involved in the error equation. We employ
analysis techniques such as stochastic Lyapunov function, stability theory of stochastic systems, and algebraic graph theory to
deal with the above issue. The stochastic spatio-temporal cooperative information condition shows the cooperative property of
multiple sensors that even though any local sensor cannot track the time-varying unknown signal, the distributed KF algorithm
can be utilized to finish the filtering task in a cooperative way. At last, we illustrate the property of the proposed distributed
KF algorithm by a simulation example.

Keywords Distributed Kalman filtering algorithm - Stochastic cooperative information condition - Sensor networks -
L »-exponential stability - Stochastic regression model

1 Introduction

Nowadays, more and more data can be collected through
sensor networks, and how to use the collected data to esti-
mate or track an unknown parameter process has obtained
plenty of research attention [1-8]. Basically, there exist two
different ways to process the data, i.e., the centralized and
distributed methods. For the centralized processing method,
measurements or estimates from all sensors over the network
need to be transferred to a fusion center, which may have
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Moreover, this method has poor robustness because when
the fusion center is damaged the whole network will col-
lapse. Because of these limitations, the distributed processing
method arises, where each sensor will estimate the unknown
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parameter vectors by the local noisy observations and the
data from the neighboring sensors. Compared with the cen-
tralized method, the distributed method is more robust and
scalable [4].

Note that different types of distributed estimation algo-
rithms can be obtained by combining different cooperative
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strategies with different algorithms, such as incremental least
mean squares (LMS) [4], consensus LMS [9, 10], diffusion
LMS [5, 6, 11], consensus and diffusion stochastic gradient
(SG) [12], consensus least squares (LS) [7, 8], incremental
LS [13], diffusion LS [14—18], distributed KF [19-32], and so
on. References [9-11, 18, 33, 34] established the theoretical
results on stability and performance for the distributed LMS
and LS algorithms without requiring the stationarity and
independency conditions for the regression vectors. Since
the KF algorithm would be optimal when the noise and the
parameter variation are white and Gaussian noises, and the
linearized observation matrices in the extended KF, which
are widely used to estimate the state of a nonlinear engineer-
ing system, are often stochastic, here we focus on the KF
algorithm for a stochastic regression model with stochastic
observation vector in this work. Another reason why we con-
sider this question is that the stability results in the existing
work are far from satisfactory, as it is difficult to apply to
non-stationary and non-independent signals generated from
practical stochastic feedback systems.

In fact, plenty of research was focused on distributed
KF algorithms where observation matrices of the system
are deterministic. For example, [21] studied a distributed
KF based on consensus strategies, and [22] presented a
hybrid distributed information fusion algorithm and estab-
lished convergence results under very mild topology condi-
tions. Moreover, [23] introduced a distributed KF based on
the covariance intersection method, and analyzed stability
properties. In addition, [24] developed a consensus and inno-
vations type Kalman filter, and [25] proposed a gossip-based
distributed KF for deterministic time-varying observation
matrices, and provided the error reduction rate. Furthermore,
[26] and [27] considered consensus Kalman filters where the
communication channels have random failures. A distributed
KF algorithm with data packet losses for linear time-invariant
discrete-time systems was studied in [28], and a distributed
KF for deterministic time-varying observation matrices with
mild assumption on local observability and network topology
was studied in [29]. Moreover, [30] provided a boundedness
analysis of the error covariance matrix for deterministic time-
varying observation matrices, [31] developed a distributed
filtering algorithm to estimate a sparse signal sequence for the
dynamic model with deterministic observation matrix, and
[32] presented distributed filtering algorithms based on tun-
able weights under attack for the deterministic time-invariant
observation matrix.

To our knowledge, a first attempt to consider distributed
KF algorithms with general random coefficients for the
dynamic system was made in [35], where local innovation
pairs are diffused to collectively track the unknown param-
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eters. However, the proposed distributed KF algorithm is
required to exchange a lot of information since it needs to
diffuse L times for each time iteration, where L is larger
than or equal to the diameter of the sensor network topology
which increases as the network grows. Several communi-
cation cycles are required for information fusion at each
time step. Notice that in making several communication
cycles in one time instant may achieve the optimal (in the
MMSE sense), or nearly optimal, state estimates. However,
this greatly increases the communication complexity of the
algorithm.

We will investigate a well-known distributed time-varying
stochastic linear regression model in this work, and pro-
vide a theoretical analysis for the stability of our proposed
distributed KF algorithm which is developed by the covari-
ance intersection fusion rule (cf., [23, 26, 30]) and based
on diffusion strategy. Note also that it only needs to diffuse
one time for each time iteration, which greatly reduces the
communication complexity compared with [35]. The main
contributions of this work are summarized as the following
three-fold:

e The stability analysis of the distributed KF algorithm
can be provided without imposing the commonly used
assumptions such as stationarity and independence on the
stochastic regression vectors (cf., [14—17]), which shows
that the theoretical results are expected to be applied to
distributed adaptive control problems.

e Under a stochastic cooperative information assumption,
we present the stability analysis of the distributed KF
algorithm, which is a temporal and spatial union infor-
mation condition on the random regression vectors, and
implies that the networked system can finish the tracking
task collaboratively even though no local node can due
to a lack of necessary excitations.

e The proposed distributed KF algorithm in this paper
focuses on tracking unknown time-varying signals where
the observations is taken from the widely used time-
varying linear regression model, while most of the
existing literature focuses on the study of distributed KF
algorithms where the observation matrices are determin-
istic, see e.g., [21-32].

For the remainder of the paper, the problem formula-
tion is given in Sect.2. The error equations, mathematical
definitions, and assumptions are provided in Sect.3. Sec-
tions4 and 5 provide the main theoretical results and proofs,
respectively. A case study is given in Sect. 6 followed by the
conclusions in Sect. 7.



Stability analysis of distributed...

163

2 Problem formulation
2.1 Graph theory

Here we assume that the sensor network contains n vertexes
and we model the network topology as a directed graph G.
We denote V = {1, ..., n} as the set of vertexes, and denote
E C V x Vas the set of directed arrows. Also, an arrow (i, j)
is directed from the tail i to the head j. For a vertex in the
network, the number of head (tail) ends adjacent to a vertex
is its indegree (outdegree). A path from jj to j; is a sequence
of sensors ji, j2, ..., J; (t > 2), such that (ji, ji+1) € €
fori =1,...,t — 1. If there exists a path between any two
vertexes in the digraph, we know that the digraph G is strongly
connected. The diameter Dg of the graph G is defined as the
maximum shortest path length between any two vertexes.

Here we use A = {a;j}nxn to describe the structure of
G, which is called the weighted adjacency matrix, and we
know that a;; > 0if (i, j) € &, and a;; = 0 otherwise. If
Z?:laji = Z?:laij =1,Vi =1,...,n, the graph G is
balanced. Note also that the weighted adjacency matrix A of
a directed graph may be asymmetric. The vertex i is used to
denote the ith sensor, and the arrow (i, j) is used to denote
the communication from the vertex i to the vertex j. We use
N; = {€ € V|(£,i) € &}, to denote the neighboring set of
the vertex i, and any neighboring nodes have the ability to
send data over a directed arrow between them.

2.2 Observation model

The main task of the paper is to develop a distributed method
to estimate or track an unknown time-varying parameter vec-
tor ; by cooperating with each other in networked systems.
Assume that each sensor i at time instant k collects the
measurement {0 ;, ¢y ;} that follows the widely used time-
varying and stochastic regression model:

Ok,i = ¢Z,i§k + ngi, (1)

where k > 0 is the time instant, i € {1, ..., n} is the ith
sensor, ()T is the transpose operator, og,; € R is the scalar
measurement, ¢, ; € R" is the stochastic regressor signal,
ng; € R is the measurement noise, and ¢, € R™ is the
time-varying parameter to be estimated by all sensors in the
network. The variation of ¢, is denoted by &, i.e.,

k=8 — &y, k=1, (2)

where §; € R is an undefined vector. To simplify the nota-
tions, here we focus on the case where oy ; is a scalar and
@; is a column vector. While if o ; is a vector and ¢y ;
is a matrix, we can do a similar analysis and get the same
results. By choosing ¢, ; and o ; appropriately, we can see

that many technical problem formulations fit the structure
(1), for examples, collaborative spectral sensing, signal pro-
cessing, target localization, and so on, [4].

Note that while most literature (cf., [21-32]) focused on
deterministic observation vectors or matrices, here we con-
sider the case where the observation vector ¢, ; in (1) is
stochastic. Although the Eq. (2) is a simplified system model
compared to the general linear time-varying system models
considered in e.g., [21-32], this is the first step for us to
consider distributed KF algorithms for the dynamical sys-
tem with random coefficients, i.e., ¢ ;, which has practical
importance for stochastic feedback systems. For instance, if
Oki = [Okis s Ok—pii» Xk,is "+ ,xk_q,i]T which consists
of current and past input—output data of the systems, and
Xk,; 1s the input signal at time k, then the model (1) can be
reduced to the well-known autoregressive model with exoge-
nous inputs (ARX) with time-varying coefficients. Also, it
is easy to see that ¢ ; is stochastic and cannot satisfy the
independent and identically distributed condition. Also, the
general linear time-varying system model will be considered
in future work.

Tracking or estimating a time-varying signal is a critical
problem in control engineering, system identification, signal
processing, and so on. Different recursive algorithms were
derived in existing work (see e.g., [36, 37]), which usually
have the following form:

N R T~
Sir1i =8k + Lii(oki — @ i8k.i)s

where ?k’,- € R™ is the estimate of node i at time instant
k, Li; € R™ is called the adaptation gain that requires to
be designed. Note that Ly ; cannot tend to zero as k tends
to infinity since the unknown parameter to be estimated is
time-varying.

The most common ways of selecting Ly ; can obtain the
LMS algorithm, i.e., L ; = u@y ;, where p > 0 is the step
size; and the recursive LS algorithm with forgetting factor,
ie.,

ki Pri
Ly; = — =
o+ @S2, Pk
1 Qk,ifﬂk,iﬁoz,if?k,i
Qepri ==k ———— |
o o+ @ i S2ki Py i

where an initial matrix £2p; € R™*" is positive definite and
o € (0, 1) is a forgetting factor; and the KF algorithm, i.e.,

L ki Pri

k,. = —7

ot (ﬂz’iﬂk,i‘ﬂk,i 3)
0P iP4 i ni

Qi1i =i ————— + 0,
ri + @ i 2k, P
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where r; € R and Q € R™*™ may be viewed as a priori
estimates for the variances of ny ; and 8¢, andr; > 0, Q > 0
hold. For simplicity of discussion, here we take r; and Q
as constants. The KF algorithm would be optimal when the
parameter variation and the noise are white Gaussian noises.
Therefore, we focus on the KF algorithm in this work.

As far as we know, the best result that guarantees the sta-
bility of the KF algorithm for each sensor i in the network
and allows {g; ;} to be a large class of stochastic signals was
given in [36], which assumed that {¢ ;, F ;} is an adapted
process! and satisfies the following individual excitation con-
dition, namely, for each i, there exists an integer k > 0 such
that {ax ;, k > 0} € S%«) for some « € (0, 1), and

1 (k+De @ ~(pT..
A Jtr g
ki = Amint E| —— —).7: it 4
o mm{ |:K + 1 s L4l 112 kK’[]} @

and S%(«) is defined in Definition 3. Note that Amax{-} and
Amin{-} are defined as the largest and the smallest eigen-
values of the matrix, and E[-|F, ;] denotes the conditional
mathematical expectation operator. For the case that stochas-
tic regression vectors {@; ;} are high-dimensional or sparse,
it is difficult or even impossible to make the condition (4)
satisfied. We can improve this situation by designing a dis-
tributed KF algorithm in which the measurements of nodes
are exchanged in a sensor network.

2.3 Distributed KF algorithm

In the following part, we present the distributed KF algorithm
(see Algorithm 1).

Algorithm 1 can be derived from some existing literature
for distributed Kalman filters (cf., [23, 26, 30]) by assuming
that the observation and states obey (1) and (2), respectively.
In fact, Algorithm 1 is designed by using the structure of
the standard KF algorithm (3) and the covariance intersec-
tion fusion rule in [38]. In Step 1, each sensor i first uses
the Kalman filter update equations (3) to obtain the predic-
tion estimate & ; +1,; and prediction covariance matrix Qi1
Since the estimates and covariance matrices from different
sensors may contain complementary information, combining
these two kinds of information together may help to achieve
a more accurate estlmati(\)n of the unknown parameter We
denote xx4+1,; = .Qk+1 iCrt1 and Xgq1; = .Qk+] leH i
Thus in Step 2, each sensor i combines the inverse covari-
ance matrix .Qk e and information vector Xy ¢ from its
neighboring sensors in a convex manner to obtain the matrix
.Qk+11 ; and vector x4 1 ;, that is .Qk+1 P = e aufz,;lu
and xy1,; = ZZEN} agiXi+1,;, which correspond to (7) and

(8).

' Fi.i is any family of non-decreasing o-algebras.
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Algorithm 1 Distributed KF algorithm

Initialization: For eelc\:h sensor i € {l,---,n}, we select an arbitrary
initial column vector ¢, ; € R™ and an arbitrary initial positive definite
matrix 2o ; € R™*",

Output: The estimates {{;.;;}7_,, for each time instant k =

0,1,2,--- and foreach sensori =1, --- ,n
Step1 Adapt:
= -~ -Qk,ifpki T o
Sivti =8ki+ ——F = (oki — @18k, ©)
L "o +<Pz,i9k,i¢k_i l fiok
- Qi Pk i 9k Pui
ki =i — ———F———+ 0, (6)
Ti + @ i S2ki P i
Step 2 Combine:
k+1, = Z ai 2 k+1 0 )
EH],,' =211 ) am!_?,;rl.,gfml,es (8)
LeN;

where r; € R, Q e R™* and r; > 0, Q > 0.

Note that the main contribution of this paper is to provide
a theoretical analysis of Algorithm 1 without independent
and stationary signal assumptions on regression signals ¢y, ;.
Note that if A = I,,, the proposed distributed KF algorithm
will degenerate to the non-cooperative KF algorithm (3).

3 Some preliminaries
3.1 Error equation

Before analyzing the distributed KF algorithm, we first need
to derive the estimation error equation. For the sensor 7, define
the following two estimation errors:

Cii=4 _Ek,i’ Ci =8k —Chi
Then from (7) and (8), we have

~ - -
Shrti =Skt — Put1i D aeiS2i o Srtre
LeN;

5—1
=kt ;\[ aei Sy o8
i

le

-
— Qi Y a6iS2iy oSk
LeN;

=82%41,i ZJ\:[ a@iék__ﬁLzék—H,l' &)

le

From (1), (2) and (5), we can also obtain that

Ck1,i =Ckt1 — St
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= + k1 — Ek,i

ki Qi T
B ;(Ok,' — P ik /)
i+ ¢E’i9k,i¢k,i l o
~ ki Pk.i T
=T 4 Sy — ———RL (T
i i+ (pz’i.Qk,i(Pk,i !
_ qoz,,fk,i + 1)
Qk,i‘Pk,i(”z,i 3
:(Im - T T ) o
Fi + @ 12, Pk Py
ki i
— g+ S (10)
i + Qi ki P
Denote
Q . .
Lii= él—(okl
ri + @ i S2k,i Qi
we have
Eivri = Un — Lii@g D8k — Licinki + 8kt o

To proceed with our analysis, we present the following
notations to write the above error equation into a vector form:

where the notation col{- - - } represents a column vector of
the corresponding vectors, the notation diag{- - - } represents
a block matrix formed in a diagonal manner of the corre-
sponding matrices or vectors, .A is the adjacency matrix, and
® represents the Kronecker product.

By (1) and (2), we have

O =¥, Z; + Ny, (12)
and
Ar=Zry—Zr_1, k>1. (13)

For Algorithm 1, we have

Ziw1 = Zp + Ly (0 — ¢Ezk),
Qi1 = 2 — LidT 24 + 0O diag-
vec{Sijll} = dTVCC{S_?/;l]},
Ziy = flk+1@7Tf3k_Ji12k+1,

(14)

where the notation vec{-} represents an operator that stacks
the blocks of a block diagonal matrix on top of each other.

By Zk =Z; — Zk and Z, = Z; — Zy, we know from
(11) that

Zii1 = Iy — Lk¢z)zk — Ly Ni + Agya,

and by (9), we have the following error equation of Algorithm
]‘9

Zs =~Qk+1%TS_21:Ji1§k+l
— i1 R (U — L]V
— 2417 2} | LN,
+ 21 R A, (15)

We will analyze the stability of the above distributed
KF algorithm under non-independent and correlated signal
assumptions in Sect. 4. Note that the tracking error from the
distributed filtering error equation (15) hinges on the expo-
nential stability of its homogeneous equation, i.e.,

~ - _l ~
Ziy1 = -Qk+1JZfolk+1(1mn — Ly ®))Zy,

by Propositions 2.1 and 2.2 in [36], i.e., the stochas-
tic internal-external stability results. Also, the exponen-
tial stability of the homogeneous equation depends essen-
tially on the properties of product of random matrices

-
i1 R Ly — Ly D).
3.2 Some definitions

Here we need some definitions on the stability of random
matrices from [36]. The Euclidean norm of a matrix Y €
R™*" js denoted as || Y || = (Amax{Y Y T})2, and the L ,-norm

1
of a random matrix X is defined as [|X||, = {(E[IXIP1} 7,
where [E[-] denotes the mathematical expectation operator.

Definition 1 Suppose that {X;, k > 0} defined on the basic
probability space (§2, F, P) is a random matrix sequence.
The sequence { X, } is called L ,-stable if sup; ..o E[|| X, ||”] <
00, holds for some p > 0. B

Definition 2 For a square random matrix sequence X =
{Xk, k> 0},if X € Sp(a) for p > 0, where

k
Spla) = {x: I TT 4 —-Xxp]|, =Ca*,
t=s+1 4
Vk >s+1,Vs >0, forconstant C > O},

(16)

then {I — Xy, k > 0} is called L ,-exponentially stable with
the parameter « € [0, 1).

Remark 1 For the sequence {n;} generated by ng+1 = (I —
XNk + €k+1, k > 0, we know from [36] that {X;, k > 0} €
Sp (o) is in some sense a necessary and sufficient condition
for the stability of ;. Note that the analysis of the product
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Table 1 Vector form and Dimension
Vector form Dimension Vector form Dimension
O = col{og 1, ..., 0k} R" Zy 2 COl{Zk,la .. ,7Zk,n} where Ek,i =&y _Ek,i R™
Zi £ col{gy, ... 5} R Zi 2 col{ly ... Ly where &y =8 — 8y R

n
@) = diag{@y 1, - Prn) R Ly £ diag{Li 1. ... Li.n} R
N £ col{ng, 1, ..., ngal R" 2 = diag{$2x.1, ..., 2x.n} R xmn
Ay £ col{dg, ..., 0k} RmM® Qdiag 2 diag{Q, ..., Q} Rmnxmn

—

n n
Zi & col(Trye - Tin) R 21 2 diag{2x1, -, 2un) R xmn
Zi 2 col{Ty g, i) R g EAR L, [Rymnxmn

of random matrices is a mathematically difficult task. How-
ever, we may transfer the analysis of the product of random
matrices to the analysis of a certain class of scalar sequences
for linear random equations generated from adaptive filter-
ing algorithms. Also, the corresponding scalar sequence can
be studied based on some information assumption on the
regressor signals.

Thus, we introduce a subclass of Sy (), which will be used
to introduce the stochastic cooperative information condition
in the following part.

Definition 3 For a scalar random sequence x = {xi, k > 0}
and o € (0, 1), we define

k
8% = {x :x € [0, 11, E[ [] (1 —x)] < Cak~s,
t=s+1

Vk > s+1,¥s >0, forconstant C > 0}.
3.3 Assumptions

We need the following widely used network topology
assumption for the stability analysis.

Assumption 1 (Network topology condition) The digraph G
is balanced and strongly connected.

Remark2 By Assumption 1, we know that when s is larger
than or equal to the graph’s diameter, i.e., s > Dg, then each
element of the matrix A = A--- A will be positive.
(ALs
N
In the following part, we will denote that 7, = o {(p. i 4,
nj-1i,j <k,i=1,...,n}.

Assumption 2 (Stochastic cooperative information condi-
tion) There exists an integer x > 0 such that {ot, k > 0} €
S9(a) for some o € (0, 1), where

1 ke @ @

A n JsUT g0

a2 A {]E[—Z.: 3 —(fk “
M LG+ D) T L Tl 12T

a7)
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Remark3 Almost all the existing literature on the stabil-
ity and performance analyses on distributed adaptive filters
requires some stringent assumptions on the regressors, such
as independence and stationarity (see e.g., [14—17]), which
cannot be satisfied for signals generated by stochastic sys-
tems with feedback loops. In fact, Assumption 2 contains
not only temporal union information but also spatial union
information of all the sensors, which is more general than
the independent or stationary signal conditions. It can also
be considered as an extension of the excitation condition
(4) from a single sensor to the network. This conditional
mathematical expectation-based information condition for
an individual sensor was first given in [37] and then refined in
[36], which is often used for exponential stability (see [36])
of the adaptive filtering algorithms.

Note that Assumption 2 shows that to track an unknown
and time-varying parameters, the regressor vectors {¢; ;}
may have some sort of “persistent excitations” in the sense
that the prediction of the “future” is non-degenerate given
the “past”. Moreover, under Assumption 2, the distributed
KF algorithm can be shown to have the capability to accom-
plish the tracking task cooperatively even if any sensor cannot
track the unknown signal individually.

4 Main results

4.1 One basic result

We first present a basic result on how to convert the investi-
gation of S, (-) to that of a sequence in $9(-) before giving the

stability analysis of the proposed distributed KF algorithm.
Here we introduce the Lyapunov equation as follows,

i1 = (Inn — A Ri (L — AT + Qy, (18)
and
vee(R; ) = o/ vecl 2, '), k>0, (19)
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where Ag, Q. 21, 2, € R™>™ and ¢ > 0. The fol-
lowing theorem transfers the research of { A;} to the research
of a scalar random sequence in S°(«), and also gives condi-
tions for the L ,-exponential stability of (15).

Theorem 1 Assume that { Ay} is a sequence of random matri-
ces, and {Q} is a sequence of positive definite random
matrices. Let {1} and {2y} recursively be generated by
(18) and (19), we have for all t > s,

t—1 2
- —1
H 1—1 Szk—HdTngrl(lmn - Ak)H
k=s

5{;l;[]s(l—m)}[llﬂtll'llﬂs‘lll}- 20)

Thus, if {2} satisfies the following two assumptions:

1
l. \—————t € So(a),forsomea e [0, 1);
{1+ IQ; I-Qk+1||}

2. sup;sgso (1192 - ||9;1||)||L1, < 00, for some p > 1,
then

2 R (U — 112
{Lun k+1 ka1 Umn — Ap)} € Sp(a™/7F). (2D

Remark 4 Note that the proof of Theorem 1 is given in
Sect. 5. This result does not require that Ay is non-negative
and definite, and we may convert the verification of (21) to
the following two tasks: 1) to prove that a given random
scalar sequence belongs to S°(«); and 2) to verify the L »
stability of a certain process. By Remark 1, we know that
{Lnn — Qk+1dTS},;+11(1n1n — Ap)} € Sp(@!/?P) is in some
sense the necessary and sufficient condition for the stability
of Z k. Therefore, by Theorem 1, we now proceed to provide
the stability result of the proposed distributed KF algorithm
in Sect.4.2.

4.2 Stability of the distributed KF algorithm
For convenience, we denote

A 2 Li®], R 2 diaglry,...,r) ® Iy,

(22)
Qk £ RLkLE + Qdiag'
By (14), we have
Qi1 =Ty — L @) Ry (Lyn — Ly @)
+ RLkLE + Qdiag
=(Inn — ARy (Inn — A" + O, (23)

which has the same form of (18) and (19). Therefore, before
applying Theorem 1, we first establish the boundedness result
of {2}

Lemma 2 For {82} generated by (14), if Assumptions 1 and
2 are satisfied, there exists a positive constant €* such that
for any ¢ € [0, &%),

211]8 Elexp(ell£2k[)] < oo. (24)

We put the proof of Lemma 2 in Sect.5. The following
result can be obtained by Lemma 2 directly, and we omit the
proof here.

Corollary 1 For {82y} generated by (14), if Assumptions 1
and 2 are satisfied, for any p > 0, then we have

sup E[[[£2¢]1”] < oo. (25)
k>0

Before applying Theorem 1, we also need to verify that
the given random scalar sequence is in S%(c).

Lemma 3 For {82} generated by (14), if Assumptions 1 and
2 are satisfied, for any . € (0, 1], then there exists a constant
a € (0, 1) such that

S%(@). (26)

ien e ©
L+ 11 Qg - 1204111

The proof of Lemma 3 is presented in Sect. 5. By Lemmas
2 and 3, the assumptions 1) and 2) in Theorem 1 can be
easily verified. Thus, we can establish the L ,-exponential
stability of (15). Furthermore, we can get an upper bound
of the tracking error for Algorithm 1. Here the following
notation log(-) is denoted as the logarithmic operator based
on the natural number e.

Theorem 4 Consider the stochastic observation model (1)
and the distributed KF algorithm (14). Denote wy, = || N ||+
|Aks1ll. Under Assumptions I and 2, if for some B > 2 and
r>1,

7, 2 sup ||y log (e + mp) ||, < oo, (27)
k

then for any p < r, the tracking error {Zk, k > 0}is Lp-
stable, and

limsup | Z¢lz,, < el log" /(e + 7,71,

k—o00

where ¢ > Qis a finite constant depending on {®}, R, Q gi,q
and p.

& Springer T



168

S. Xieetal.

Remark 5 The proof of Theorem 4 is given in Sect. 5. By The-
orem 4, we can see that the tracking error 2k is positively
related to the parameter variation Ay and the noise Ny.
Here we just require the moment assumptions on the param-
eter variation and the measurement noise, and do not require
independency, stationarity or Gaussian property. Note that if
@ and {Ny, Ay} are assumed to be independent, then con-
dition (27) can be replaced by supy, |||z, < oo whichis a
natural condition for the L ,-stability.

Remark 6 For the case that the communication topology has
a certain uncertainty, to be specific, the switching commu-
nication graphs are governed by a homogeneous irreducible
and aperiodic Markov chain whose states belong to a finite
set. If all possible digraphs are balanced and the union of
those digraphs is strongly connected, then we can obtain a
similar result as that of Theorem 4 since the key inequality
(34) may still hold, which will be investigated in our future
work.

5 Proofs of main results
5.1 Proof of Theorem 1

We need the following lemmas for the proof.

Lemma5 [39] For any matrices X,Y, Z and D with proper
dimensions, and the relevant matrices are all invertible, then
(X+YDZ)'=x"'—x"ly(p~'+zxy)-lzx1

Lemma 6 [18] Assume that A = {a;;} € R"™" is the adja-
cency matrix, and denote of = AQ I,. Let 41 and 211
be defined in (14), then for any k > 1,

- —1 _ -
%Tﬂk+1ﬂfﬂki], W.Q]H_lﬂrrfﬂk_H. (28)
The proof of Theorem 1 is provided here:

Proof Consider the following equation for ¢ > s,

-
Xppl = Qk+1£ﬂﬂk+1(1mn —Ap)xy, kels,t—1], (29)

where x; € R™" is taken to be deterministic and ||x| = 1.
Then
—1 S
X =[] i1 2 (Lun — A)xs. (30)
k=s

Next, we consider the following Lyapunov function: V; =
xg.(l,zlxk. Denote By = I — Ag, then by (29), Lemmas 5
and 6, we have

T o-l
Vgt = X184 X k41

& Springer

-1 = —1
= x| Bl @2 IR 2, Bixy, 31)
and by (23) and (28), we have
——1 ——1
BzﬂkﬂdﬂkﬂﬂTﬂkﬂBk
- —1 _
< B2, B; = B[ (B.2,B] + Q)" 'B;
=2 — (2 + 2By 0;'Bi2;)”!

_1 1 1 _1
=2, Upn—1lnn + 2. BLQ;'Bi2717H 2, >

< —[1+]0;" B2 B{ITHe ", (32)
which yields
Vi1 = (1 - +>Vk~
1+ 0109, Li+1ll
Thus,
=1 1
=0 gran)

Hence we have

—1 2
-1

[T 219" 20y (= A

k=s

1 1

2 2022

= max |x|? = max |x.2, Q7]
[les =1 flxs =1

1 1

2 202

< max |lx,; 2, ° 71277 = max V||
xsll=1 lleslI=1

<

(M-t
|- _ ]}{nsz I max Vv}
ks 1+ 1107 2iql Magl=

i—1 1
<t [l = ———=— (il 12",
{k:s[ 1+||Qk19k+1||]}{ )
(33)
which completes the proof. O
5.2 Proof of Lemma 2

The following lemma investigates the property of {£2; } which
will be used for the proof of Lemma 2. Note that the notation
Tr(-) is denoted as the trace of the corresponding matrix.

Lemma 7 Let Assumption I be satisfied and {821} be gener-
ated by (14). Then

Ts+1 <= (1 = by )Ts +d, (34)
where
sk’ —1 az. (;1
To= Y Tr(Rip1), To=0, by ="
k=(s—1)i’+Dg kg
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" 20, G+DK-1 gy ol Coels|
Cyr1 —Tr<(29s,a,./+l</Q) 2 11—]”2) T ek T
=1 j=1k=sk+Dgl Tl .
) n n :Q—{—Za,,[Za( SK)-Qs:cz‘f‘KQ
Cor1 = Z(rj +1)- (1 +)"max{ Z QSK/,j +K/Q}>
j=1 j=1
k
; _(Z ( wc).(zw +KQ)(ka(pk]
’Tr<Z~Qslc’,j+K/Q>, =1
j=l1 Z \a (k wc).Q t+KQ
3 = sk’ ]
d==nh(' + 1T , k—
21’1 "+ 1)Tr(Q) r1+¢kj<Zz \a ( YK)QYKI—FKQ)(D](]
2 (k—sk'+1
and amin = mlr{)a(] 9 S0k =K+ Dg, and « is the =3y aﬁi Swet ).QSK/’J- +& +1)Q
i,je j=1
constant appearing in Assumption 2. n n (k )
“ _ Z aji ( Z SK Qg 1 + /dQ)‘Pk,j‘PEJ
Proof Let a; j denote the i-th row j-th column element of j=1 1=1
the matrix A*, k > 1, Where a(l) = a;j. By (14) and the (Zl 1 a (k W).QW K Q)
inequality (Z?:l aijAj) <X i—1aijA ' with 4; > 0 i+ 9 ,(Zz 1 a (k ) Qs + Q>¢k j
[40], we know that for any k € [sk’ + Dg, (s + Dk'] " )
S Zl a;};—SK +1)Qs/c’,j + (K/ + I)Q
n T n j=
$2%.i =[ Zajigk}] Z ji$2.j T
j=1 ’ j=1 d 2 (k—sk) Pr.j Pk,
- Zaji(zatj QSK/I’FK/Q)m
n i— = ' Pk, j
_ a .Q + j=1 t=1 ,J
gl jl( k,j — Q) Q (k sc')
J Z[ ] QY/{ t+K Q
n
ZZI jl(Qk 1]+r q)k ]](ok lj) 1+Q (rj+1)(1+)\max{2t 14 (k qK)QVKt+KQ})
j:
n (36)
= Z jlgk lj+Q
j=1
(Dg)

Si <Zat19k 2t)+2Q

=1

= aji)ﬂkfz’j +2Q0
j=1

A

- (k—sk')
3 a0, + - 5000
Jj=1
2 (k—sk')
=< Z a;; ‘QSK/,j +«'0. (35)
Jj=1

Hence by the matrix inversion formula, i.e., Lemma 5, it
follows that for any k € [sk’ + Dg, (s + D«'],

k11,
n - —1
= { 2 aji‘QkH,j}
j=1

Z 1, 1 T \—1 17!
={ZwM%J+qwmmﬂ*+Qr}

n

§Za/,(ﬂkj+r ‘pkj‘ij) '+0
j=1
: (k—sk”) ) !
<> aj [(Za e+ K Q)
j=1

From Assumption 1 and Remark 2, it is clear that a i
Aamin > 0, where amin = mn\l} al(] 9) > 0, and Dg is denoted
€

by the diameter of the graph G. Hence, we have aj./;)
for any k > Dg.

By C,- and Schwarz inequalities, it is easy to obtain that
Yiciajbj <371 _ya;j 37— bj, where the constants a; >

C:

= Amin

0,b; > 0. Furthermore, by choosing a; = j,bj =d;
J
with ¢; > 0,d; > 0, then we can conclude that Z?:l % >

Z/{:l;j.. For k € [sk’ + Dg, (s + D«'], we have by using
j=1%J

the above inequalities that

Tr(2k+1)

= Tr( i 9k+1,i>

n

< Tr(Z Z a(k sk +1)Q

i=1j=1

)+n(x’+ )Tr(Q)

T
noon Pr,jPr.j
—TI‘(Z a; [Z (k S‘K)Q +KQ]7’
S5 s e
(k sk’)
Zr 144 4 +«'0 )

(rj + 1)(1 +)\max{ Z, 14 [(Jk AK)QSK’J +K/Q}>
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M=

“mi(.

.QSK,,]-) + 0@ + DTr(Q)
1

-
Il

1
k—
l(V/+1)(]+)tmax{Zr 14 r(/ SK)QSK bt K Q})

M=

J
‘Pk,j‘?k,j

n ,
-Tr([ a= Do +/</Q]7

r; tj sk’ t 1+ H‘Pk,j”z
[Z (k— s;c)g ,,-I—K’Q])

<Tr(2y) +n@’ + DTr(Q)
1

Z(r/+l)<1+)\‘mdx{2t 14 zk YK)QSK K Q})

j=l1

(i [i *=D Qe s +K’Q]

j=1"t=1

Pr 9k
1+ llog ;12

[£tnece)
<Tr(R;.) + n’ + HTr(Q)
Tr(Z§:1 QSK,,]-)

S 0D Sy (1 | T a2 0]
1

Tr( Zl}:l Qs/(’,j + K’Q)

T
L Pk, jPr. i
Tr( [ (k= “()Q + K Q]i'j
,E 2 e 1+ llgy ;112
n ,
: [ Z at(]]'(iw )QSK’,t + K/Q]>
=1

<Tr(R4) +n(’ + DTr(Q)
Tr(L2)

n
. (1 +)¥max{ Z QSK/,[ +K/Q}>
=1

n i(rj +1)
j=1

T
2 Pr,j Pk,
n )

G ((Zier Bows 4 6'0) Tt 1,0

Tr( Z?:l e, + K/Q)

(37

Summing both sides of (37), we obtain that

TS+1
(s+1Dk'—1
= Y Tr(Rs41) < kTr(R4) + nk (k" + DTr(Q)
k=s«k'+Dg
_ mmKTl’(ﬂ sk’)
n
w3 i+ D) (14 A 3 2000 + 0]
j=1 =1
i o 0 2 i G+D'=1 @ jq’zj
Tr(( X 2o +40) e )
P R Siiesering 1+ log ;112
n
Tr( Y Ry + K’Q)
j=1
<kTr(Rg) — bs+16Tr (L) + nic (k' + 1)Tr(Q).

& Springer

Again we have

= Z Z TI(QSK’,/')

k=(s—1k'+Dg j=1
K (sx —k) /
=< > Z Tr Z a;. 41,0+ (5" —k) O

k=(s—1)k'+Dg j=1

=T+ %nK(K’ + DTr(Q), (38)
and

3
Topr = (I = by DTy + EHK(K/ + DTr(Q)

= =by)Ts+d, 5 =0, (39)

which completes the proof. O

Proof of Lemma 2 Denote Hy; = F,_;. Then it is clear that
T, and by are Hg-measurable, and

2

bysi € [0, —Zi’:?:?+ 1)]. (40)

By the inequality Tr(B?) > m~!(Tr(B))? with B € R"*™
being the positive definite matrix, we have
E[bs-i-l |Hs]
2
mlnn(l + K)ot} Tr(( Z;!=1 Qg i+ K/Q> )

mie( Sy ) (L4 1QIDTe( Xy Ry +4Q)

mm [Tr(Z;!:l $250,j + K/Q>]
Com(S ) A+ e T (S, 20 +4'Q)
B aﬁlina§Tr(Z?=1 Qg i+ K/Q)

m( iy ri+n)(1+ <12
azi <10l

min

(I +n) A+ 1O

v

v

(41)

where

n_ (+DE'-1 @y “PZ
a; = phmin{E 2 Earwelad]
UL g L e 12

with p = By this condition and applying Lemmas

1
n(l+k) "
2.1—-2.3 in [36], it is easy to see that {by41} € $9(y) where
y € [0, 1). Consequently, using the definition of SO(-), we

know that

1
E[ S -bun]scy=ivizs=o, “2)
k=s
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where C > 0 and y € [0, 1) are two constants.

From Lemma 7, we know that forany ¢ > 0,exp(eTs41) <
exp((1 — bs41)eTy) - exp(de). By the inequality exp(ax) <
aexp(x)+1,0<a < 1,x >0, we get

exp(eTy+1) < exp(de) - [(1 — byy1) exp(eTy) + 1] (43)

From this it is clear that if ¢* is chosen to be small enough
such that exp(de)y < 1, then we have by (42) and (43) that

sup E[exp(eTy)] < 00, Ve € (0, £¥).

s>0

This completes the proof. O
5.3 Proof of Lemma 3

Denote

€+ 1Qgkell - 1 Quiag ) + 1 @ity I T
Xs = ,
W

where T is defined in Lemma 7. Then we have

Xs+1 <(1 = bgy1)xs
L0l Qiingll - 1 Quiag ) + dll Qi
w

It is easy to see from (41), Assumption 2 and Lemma 2.3
in [36] that Lemma 3.1 in [36] is applicable to the above
equation. Hence we know that

{xi} e %),

s

for some y € (0, 1). Note that

Xs
Z_l 1411 Qiag Il Quaing 111 Qg I Tr(R41)

k=(s—1)x’+Dg 128

Similar to the proof of Lemma 5 in [37], it follows that

S%(a)

€
1 ” Qg];g” : ” Qdiag“ ” Q;;;;“ I'( k)

holds for some « € (0, 1). Then we know that

).

{ . }
€

L+ 11 Qiag Il - 11 Qg + 1l Qg - 124l

Since (2441 — Qdmg)’1 = Slk_l + R '@, @], we have

2141 = i+ Qg

—1 =
I Qgiagll - 11925411l
—1 —1
= 1 Qiagll - 1251 4 11 Q gigg Il - | Qdiagl-

By this and the property of S°(«), we can obtain that

%)

e
1+ 11 Qigg Il - 121411

holds for some o € (0, 1).

5.4 Proof of Theorem 4

By (23) and the definition of @, in (_22),
we obtain that Q; > Qi and £2x > 0 ;.- Hence, by

.. -1
the definition of 2, ', we know that

—1 - —1 -1
18271 = 11821l = 11 Qgiag -

By Theorem 1, we have for t > s,

—1
-1

[T 21 2, (I — Ak)H

k=s

t—1 1 1
{00 ere) )
k=s 1411 Qigg I - 121411

1 _ 1
S EACA T mNES (*4)
Note that
1
(L) < 122 4s)
2»\/”min
and
-1
1219772, |
- —1 _
< 12u1ll - 1201 < 12411l 11 Qi (46)
hold, where rmin = min;=1,._,{r1,...,r,}. By the error

equation (15), we have

k
~ —_1 ~
Ziy1 =1 i1, \(Inn — AD Zo
i=0
ko k S
+§0[j_ri[+1 2501 2L (U — A

-1
201 R (CLiNG+ A .
By (44)—(46), we obtain the following inequality for p < r

1Zk+1llL,
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=

k

- _1 ~
[12i019 R, (Inn — Ai)Zo
i=0

LP
: )
20141 Qgiggll - 192 411D

sk k
+logLli x| 11 (1

i=0 ! j=i+1

1

1 1£2:12
Rt 2 192 (1 ).
192511121192 +1]l +2 — T

k
—_ _1 ~
.Qj+1$27T-Q,'+1(1mn —A)Zy
=0

Lp

=<

1

-1 ,3
+ QgL sup 1251,
i>0

Lp

k k 1
D RN v PR .
=l o 20+ 1@l 19211
1
NEARLI(EE LSRN )
2\/Vmin L,

By Lemma 2 and the Schwarz inequality, we have

1 1
sup E[exp (e[| 8241112 - [12:112)]

k>i
< SUp(Elexp(e | i1 D1} - (Elexp(ell2;1)1)?

< Q.

By Lemmas 2, 3 and the condition (27), we can see that the
rest part of the proof can be obtained by following the proof
of Theorem 4.1 in [36], we omit the details of the proof here.

6 Simulation results

A simulation example is given here to show the cooperative
property of networked systems: even though no individual
nodes can track the unknown time-varying parameter vec-
tors, the networked system can still accomplish the tracking
task collaboratively. Besides, the performance properties of
the distributed KF algorithm are given in contrast to other
distributed adaptive filtering algorithms.

A networked system composed of n = 6 nodes is consid-
ered here, and A is chosen as follows,

4/51/50 0 0 0
0 4/51/50 0 0
0 0 4/51/50 0
0 0 0 4/51/5 0
0 0 0 0 4/51/5
1/50 0 0 0 4/5

A=

Hence the corresponding graph is directed, balanced, and
strongly connected.

& Springer

An unknown 4-dimensional time-varying signal ¢, will
be tracked, and we assume that the parameter variation in (2)
obeys a Gaussian distribution, i.e., 8 ~ N(0,0.04,4,1).
The stochastic measurement noises {nx;,k > 1,i =
1,2,3,4,5,6} in (1) are chosen to be independent identi-
cally distributed (i.i.d.) with ng; ~ N(0,0.01, 1, 1). The
regression vectors 0@ =1,2,3, 4,5, 6) are given by the
a state space model as follows:

:xk,i = Aixi—1,; + Biex i, 48)

o = Cixy i,

where {¢;} (i = 1,2,3,4,5,6) are i.id. with ¢,; ~
N(0,04,1,1), and

A} = Az = As = diag{1/2,2/3,3/4,2/5},
Ay = A4 = diag{1/3,1/2,5/6,3/5},
Ag = [col{3/4,3/4,3/4,3/4}, 043],
By = Bs=(1,0,0,0), B, = Bs=(0,1,0,0)T,
B3 =(0,0,1,0)T, B4 =(0,0,0, )T,

1000 0000
0000 0100
G=C=lo000| ©2=%=|0000]|"
0000 0000
0000 0000
0100 0000
G=loo10| “=|0001
0000 0001

It is easy to check that Assumption 2 is satisfied.

For numerical simulations, let xo; = (1, 1, 1, DT, o =
(LL1L, DT, ¢y, =(0,0,0,007, 20 = I4,r; =0.1 (G =
1,2,3,4,5,6) and Q = 0.1 x I4. Here we will run the sim-
ulation process 200 times with the same initial states. Thus,
for each node i, we can obtain the following 200 sequences:

e — ¢l k=1,...,1000),
i=19"'567 j=1,'..,200,

where j means the j-th simulation result. Then
..,6, k=1,...,1000

is used to approximate the tracking error of sensor i in Fig. 1,
and

LN S 16, el k=1, 1000
; _c ) = 1,...
200”1 j:l i=1 k.i k
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is used to approximate the average tracking errors over the
whole network in Figs.2 and 3.

Figure 1 shows the tracking errors of the six sensors using
the non-cooperative traditional KF algorithm and the pro-
posed distributed KF algorithm. From Fig. 1, we can see that
if we use the non-cooperative one to track &, the errors of
all six sensors are large since all sensors do not satisfy the
information assumption (4), while the tracking errors of all
six sensors in the distributed KF algorithm fall into the small
neighborhood of 0 because all sensors cooperatively satisfy
Assumption 2.

For the same regression vectors and initial settings as
above, Fig.2 compares our distributed KF algorithm ( r; =
0.1 (i = 1,2,3,4,5,6) and Q = 0.1 x I) with three
types of distributed LMS algorithms (i.e., distributed normal-
ized LMS, combination then adaption (CTA) type distributed
LMS and adaption then combination (ATC) type distributed
LMS, see e..g, [10, 11]. Both the step sizes of CTA type
and ATC type distributed LMS algorithms are chosen to be
n = 0.8. Also, the two step sizes of distributed normalized
LMS algorithm are chosen to be © = 0.5 and v = 0.4. As
depicted in Fig. 2, at time instant k = 400, the distributed KF
algorithm exhibits a tracking error of approximately 0.011,
significantly outperforming the ATC type, CTA type, and
distributed normalized LMS algorithms, which respectively
show tracking errors of approximately 2.106, 2.141, and
2.191. Furthermore, at time £k = 600, the distributed KF
algorithm maintains its precision with a tracking error of
approximately 0.016, while the ATC type, CTA type, and dis-
tributed normalized LMS algorithm exhibit tracking errors of
approximately 2.029, 2.064, and 2.143, respectively, under-
scoring the superiority of the distributed KF algorithm in
terms of tracking error.

Moreover, for the same regression vectors and initial set-
tings as above, Figs. 3 and 4 show the impact of measurement
noise ny; and parameter variation d; on the performance
of the distributed KF algorithm with r, = 0.1 ( =
1,2,3,4,5,6) and Q = 0.1 x I4, respectively. From Fig. 3,
we see that a direct correlation between the magnitude of
noise variance and the size of the tracking error. That is, the
tracking error of the distributed KF algorithm is positively
related to the noise variance. From Fig. 4, it is evident that our
algorithm can achieve effective tracking on different param-
eter variations, thereby demonstrating its robustness.

7 Concluding remarks

We studied the stability of a distributed KF algorithm in this
paper, which can be used to track a time-varying param-
eter vector cooperatively in sensor networks for stochastic
regression models. Here we need no independency, no sta-
tionarity and no Gaussian property for the stability analysis.

Tracking errors

Tracking errors

2 1 1 1 1 1 1 1 1 1

0 100 200 300 400 500 600 700 800 900 1000
t

(b)

Sensor 2

Sensor 1 Sensor 3

Sensor 4 Sensor 5 Sensor 6

Fig. 1 Tracking errors of the six sensors by using a non-cooperative
KF algorithm and b distributed KF algorithm

4.0 T T T T
—— Distributed KF
35| —=— Distributed LMS(ATC) 4
Distrinuted LMS(CTA)
30 —— Distributed normalized LMS |
4
g
E 25
2
g 20
g
= 15 L™
1.0 - J
0.5+ s
0.0 4 A A
0 200 400 600 800 1000

t

Fig.2 Tracking errors of several distributed algorithms

Thus it allows the given theory to be applied to stochas-
tic feedback systems, which lays a theoretical foundation for
future research on some related issues that combine learning,
communication and control. In addition, the stochastic coop-
erative information condition shows the cooperative property
in the sense that even though any sensor cannot track the
parameters due to a lack of necessary excitations, the dis-
tributed KF algorithm can collaboratively accomplish the
tracking task. Some relevant research topics should be con-
sidered, for example, to consider more general system models
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Tracking errors

9 T T T T

® —o— Measurement noise variance=0.04

—=— Measurement noise variance=0.09 -
Measurement noise variance=0.16

—s— No measurement noise -

Fig. 3 Tracking errors of distributed KF algorithms on different mea-
surement noises

Tracking errors

35 T T T T
—=— Parameter variation variance=0.04

30 - —«— Parameter variation variance=0.25 -
Parameter variation variance=1

25 F 8
20 | 8
15 | 8

10 .

400 600 800 1000
t

V%

200

Fig.4 Tracking errors of distributed KF algorithms on different param-
eter variations

with random coefficients, to combine distributed estimation
or filtering methods with control problems, and so on.

Data Availability Data sharing is not applicable to this article as no new
data were created or analyzed in this study.
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